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1. Introduction

Manifolds with certain differential-geometric structures have a lot of diverse geometric
structures. In differential geometry, such manifolds and their relationships have been
extensively investigated. Many writers have investigated virtually complex manifolds,
almost contact manifolds, and almost product manifolds, as well as the relationships
between these manifolds. Duggal and Bejancu [6] investigated the geometry of lightlike
submanifolds of semi-Riemannian manifolds. A general notion of lightlike submanifolds
of indefinite Sasakian manifolds and differential geometry of lightlike submanifolds have
been introduced by Duggal and Sahin [7, 8].

One of the most researched subjects in differential geometry is Riemannian manifolds
with metallic features. De Spinadel [5] developed the metallic means family in 2002 as a
generalisation of the Golden mean, which includes the Silver mean, Bronze mean,
Copper mean, Nickel mean, and so on. The family of metallic means is crucial in
establishing a link between mathematics and architecture.

In religious art from Egypt, Turkey, India, China, and other ancient civilizations, for
example, Golden mean and Silver mean can be seen in [4]. Goldberg and Petridis [9], as
well as Goldberg and Yano [10] introduced polynomial structures on manifolds. Golden
structure is defined by Crasmareanu and Hretcanu [3] as a special case of polynomial
structure and some generalisations of Golden structure are referred to as metallic
structure. Because it is an important instrument for investigating the geometry of
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submanifolds, metallic structure on the ambient Riemannian manifold yields crucial
geometrical results on submanifolds. Invariant, anti-invariant, semi-invariant, slant, semi-
slant and hemi-slant submanifolds of metallic Riemannian manifolds have been studied in
[11, 12, 13]. Poyraz and Dogan [14] investigated the study of semi-invariant lightlike
submanifolds of golden semi-Riemannian manifolds.

Many researchers have recently focused on Golden Riemannian manifolds and their
submanifolds. Poyraz and Yasar [15] were the first to investigate lightlike geometry in
Golden semi-Riemannian manifolds. Acet [1, 2] studied lightlike hypersurfaces of a
metallic semi-Riemannian manifold and the screen pseudo slant of Lightlike
submanifolds of Golden semi-Riemannian manifolds. We discuss the generlization of a
screen pseudo slant Golden semi-Riemannian manifold in this study. The paper is
formatted as follows:

In section 2, we recall some definitions and properties of the Metallic manifold. In section
3, we give definition and result of screen pseudo-slant semi-Riemannian manifold. In last
section, we establish a sufficient condition for integrability and totally geodesic foliations.

2. Preliminaries

If a submanifold M™ immersed in a semi-Riemannian manifold (M ™*™"), admits a
degenerate metric g induced by g on M , it is called a lightlike submanifold [6]. When g
degenerates on M tangent bundle M, M is referred to as a lightlike submanifold.

For a degenerate metric g on M, 7M* is a degenerate n-dimensional subspace of T, M.
Thus both 7, M and 7, M+ are degenerate orthogonal subspaces but not complementary
to each other. Therefore, there exists a subspace Rad(TM) = T,M N T, M+, known as
Radical subspace. If the mapping Rad(TM):M — TM, such that x e M —
Rad (T, M), defines a smooth distribution of rank » > 0 on M, then M is said to be an
r-lightlike submanifold and the distribution Rad(TM) is said to be radical distribution
on M. The non-degenerate complementary subbundles S(TM) and S(TM?1L) of
Rad (TM) are known as screen distribution in 7M and screen transversal distribution in
TM+ respectively, i.e.,

TM = Rad(TM) L S(TM)&TM* = Rad(TM) L S(TM™). (1)

Let ltr(TM) (lightlike transversal bundle) and tr(TM) (transversal bundle) be
complementary but not orthogonal vector bundles to Rad(TM) in S(TM )L and TM
in TM |5, respectively.

Then, the transversal vector bundle is given by [7]

tr(TM) = ltr(TM) L S(TM). 2
From (1) and (2), we get

TM|pe =TM @ tr(TM) = (Rad(TM) @ ltr(TM)) L S(TM) L S(TML). 3
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Theorem 2.1 [6] Let (M, g, S(TM),S(TM1)) be an r-lightlike submanifold of a semi-
Riemannian manifold (M, ). Then there exists a complementary vector bundle Itr(TM)
of Rad(TM) in S(TM+)* and a basis of I'(Itr (TN")|u) consisting of a smooth section
{NV;} of S(TM1+)L],,, where u is a coordinate neighbourhood of M such that

3:;(Mi&5) = 61,8, (V;, V;) = 0, (4)
foranyi,je{1,2,...,r}.

A submanifold (M, g, S(TM), S(TM L)) of M is said to be

(i) r-lightlike if r < min{m, n};

(i) coisotropic if r = n < m,S(TM*) = {0};

(iii) isotropic if r = m = n, S(TM) = {0};

(iv) totally lightlike if = m = n, S(TM) = {0} = S(TM).

The linear connections on M, M, and vector bundle tr(7M) are denoted by V,V and V¢,
respectively. The Gauss and Weingarten equations are then provided.

VyV = VyV + (U, V),V U,V € T(TM), (5)
VyN = —AyU + V4N,V U € T((TM)),N € T'(tr(TM)), (6)

where {VyV, Ay U} and {h(U, V), V§N} belong to T(TM) and T'(tr(TM)) respectively,
the linear connections V and V¢ are on M and on the vector bundle tr(7M) respectively.

From (5) and (6), for any U,V € ['(tr(TM)), N € I'(itr(TM)) and W € T(S(TM 1)),
we have

VyV = VgV + hL(U, V) + h5(U, V), (7
VyN = —AyU + V4(N) + DS(U,N), (8)
VyW = —4,,U + V§(W) + D' (U, W), 9)

where D'(U,W),D*(U,N) are the projections of V¢ on T'(ltr(TM)) and T(S(TM1))
respectively, V¢, VS are linear connections on I'(ltr(TM)) and T'(S(TM1)), respectively
and the shape operators Ay, Aw on M with respect to V' and W, respectively.

Using (5) and (7) -(9) , we obtain

§(h°(U,V), W) +§(V,D'(U,W)) = g(4wU, V), (10)
g(D*(U,N), W) = g(N, AwU). (11)
forU,VET(TM), WEeT(S(TML)and N € T'(ltr (TM)).

Let J denote the projection of 7M on S(TM) and let V*, V*¢ stand for linear connections
on S(TMV and Rad(TM), respectively. After that, we have the decomposition of the
tangent bundle of lightlike submanifold.
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VuJV = ViJV + h*(U,JV), (12)
VyE = —A;U + Vif (E), (13)

for U,VeT(TM) and E € T(RadTM), where {VyJV,A;U} and {h*(U,JV), Vif(E)}
belong to I'(S(TM)) and TRad (T M), respectively.

Using above equations, we getting

§(h'(U,JV),E) = g(A5U,JV), (14)
g(h*(U,JV),N) = g(AyU,JV), (15)
a(h'(U,E),E) = 0,A3E = 0. (16)
A metallic structure J on a differentiable manifold M is defined as

J?=Jp +4l, (17)
where, positive integers are p, g and the identity map is I on M. Also

3JU,V) = 3(U,JV), (18)
then (M, g,)) is called metallic semi-Riemannian manifold. Also, we have

U'jv =Ju'y, (19)
if / is a metallic structure, then equation (18) can be written as

gJu,jv) = pa(Ju,V) +qg(U, V), (20)

forany U,V € T(TM).
3. Screen Pseudo Slant Lightlike Submanifolds of Metallic semi-Riemannian Manifold

Definition 3.1 Let M be a lightlike submanifold of a metallic semi-Riemannian manifold
M. M is called a screen pseudo-slant submanifold of a Metallic semi-Riemannian
manifold M if the following conditions are satisfied:

* The RadT M is an invariant distributions with respect to /, i.e.,
J(RadTM) = RadT M.
« The non-degenerate orthogonal distributions D and D on M are exist, such that
S(TM)=D 1D.
« The D distribution is anti-invariant, i.e.,
J(D) c S(TMY).
« The distribution D is slant with angle (6 # %), i.e., for each x € M and each non-

zero vector X € (D),, the angle 6 between JX and the vector subspace (D), is a constant
(# %), which is independent of the choice of x € M and X € (D),.
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This constant angle 6 is called the slant angle of distribution D. A screen pseudo slant
lightlike submanifold is said to be proper if D # {0},D # {0} and 6 = 0.

From above definition, we can write

TM = RadTM LD 1D. (21)
Example 3.1 Let (Ri%g§) be a semi-Riemannian manifold with signature
(—..c,—+ +, ..., t)and (¥4, ¥2,...,¥10) b € cooridinate system of R1°.

Suppose that

T Y2, Y10)
=0y, (P —0)y2, (P —0)y3,(P —0)Ya (P — 0)Ys, (P — )Y, (P
—0)y7, (@ —0)ys, (P — 0)Yo, (P — 9)Y10)

then J is metallic structure on R°. Assume that M is a submanifold of R%given by
Y=y, =
y, = ocosaw® + cosaw®
y3 = ow?
ys = ow?
ys = ow*

Ve = osinaw® + sinaw®

y;=0
yg = (p — 0)w?
Yo = (p — 0)w?

Yio=(@— 0)w4
Then, TM = Sp{Z,,Z,,23,24,Z5,2Z¢,2Z,2g,Z9, Z10 },

where

0
4, =0— -
4 G(’)y5+(p o)
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Zs = acosocaiy2 + asinocaiy6
Ze = cosa—+ sinai
9y 0Ys
Thus RadTM = Sp{Z}, S(TM) = Sp{Z,,Z3,Z4,Zs, Z¢} and ltr (TM) is spanned by
1.9 0
T 29y, dy,
Now, S(TM1) is spanned by
Wy =0t (p— o)
0y3 0yg
Wy ==t (p = o) o
0y, 0y
W3 —i"‘(P— )? i -
0ys 0y10
It follows that
JZy =02y
which implies that RadT M is invariant. Also, we can state that
D= {22,23,2,}

such that
12, = w1,]Z3 = w3,]Z4 = w3

which gives that D is anti -invariant and D = {Zs, Z,} is slant distribution with slant angle
2a. Therefore, M is a screen pseudo-slant lightlike submanifold of R1°.

For any vector field U € I'(TM) tangent to M, we take
JU=RU+TU, (22)

where RU and TU are the tangential and transversal part of JU, respectively. We denote
the projections on RadT M, D and D in TM by Ry, R, and R3, respectively.

Similarly, we show that the projections of tr(TM) on ltr(TM), J(D) and D by Q,,Q,
and Qs, respectively, where D is a non-degenerate orthogonal complementary subbundle
of J(D) in S(TM™). So, for any U € T'(TM), we get

Applying J to (23), we have
JU=JRU+JR,U + JR5U,
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which yields
JU =JR,U +JR,U + WR3U + TR,U, (24)
where WR3U and TR3U denote the tangential and the transversal components of JR;U.
So, we arrive at JR,U € I(RadTM),JR,U € T (](D)) c S(TM*L), WR,U € I(D),
TR,U € (D).
Also, for any w € T'(tr(TM)), we get
W=Ff{W+ LW+ W (25)
Applying J to (25), we get
JW =JHW+ W+ ]fzW,
which yields
JW =] W+ W+ BW + CAW, (26)
where Bf; W and C f3 W denote the tangential and the transversal components of Jf; W.
Thus, we get

JAWETtr(TM)), JHLWEeTD), BLWEeTD), CHRWEeTD).
Now, using (24) and (26) with (7)-(9), we obtain the following;

ViRV + Ry (VyWR3V) = Ry (Arp,vU) + Ry (Ajg,yU) +JR; By V, (27)
Ry (Ajr,vU) + R2(4jp,vU) + Ry (ATg,vU) = Ry (VyWR3V) — Jf1h°(U, V), (28)
R3(Ajr,vU) + R3(Ajg,yU) + R3(A7g,vU) = R3(VyWR3V) — WR3(VyV) —
Bf3h*(U,V), (29)
h'(U,JR,V) + D'(U,JR,V) + h'(U,WR5V) + D'(U,TR;V) = Jh(U,V), (30)
f2VUIRV + foVgTR3V = JR,VyV — f,h°(U,JR,V) — f,h°(U, WR5V), (31)
fsVuIR2V + f3VgTR3V — TR3VyV = Cf3h°(U, V) — f3h*(U,WR3V) — fShS(U']Rlzl)-)
32

4. Main Theorems

Theorem 4.1 Let M be a screen pseudo-slant lightlike submanifold of a metallic semi-
Riemannian manifold M. Then RadT M is integrable if and only if

* f2h*(E2, JR1Eq) = foh®(E1, R Ey),
* f3h®(E2,JR1E1) = f3h*(E1,JR4E>),
¢ R3A;R1E1E2 = R3A;R152E1-

V E;, E, € T(RadTM).
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Proof. Assume that M is a screen pseudo-slant lightlike submanifold of a metallic semi-
Riemannian manifold M and E;, E, € T'(RadTM).

In view of (31), we get

]R2V51E2 = foh®(E1, JRLE>). (33)
Interchanging E; and E,, we obtain
]RZVEzEl = foh®(E3, JRLEq). (34)

From (33) and (34), we have

JR3[Eq, B3] = f2(h°(E1,JRLER)) — h®(Ey, JR, Ey).
Similarly, by use of (32), we get

f3h*(E1,JRLEy) = Cf3h®(ELE;) + TR3V, Es. (35)
Now, we obtain
f3h®(E3,JR,Eq1) = Cf3h®(Ey, Ey) + TR3Vg, E;. (36)

From (35) and (36), we have
TRy[Ey, E5] = f3(h*(E1, JR ER) — h¥(ER, JRLEY)).
Furthermore, from (29), we obtain

R3(A7R151E2) = _WRBVE1E2 — Bf3h*(Ey, Ey), (37)
which implies
R3(A7RlEzE1) = —WR3 Vg, E; — Bfsh®(Ey, Eq). (38)

From (37) and (38), we obtain
WR3[Ey, E;] = R3 (A;RlElEZ) - R3(A;R1E2E1)'
Therefore, we arrive at the required equations.

Theorem 4.2 Let M be a screen pseudo-slant lightlike submanifold of a metallic semi-
Riemannian manifold M. Then D is integrable if and only if

* R1(A;r,uV) = R1(Ajg,vU) and R3(Ajg,yV) = R3(Ajg,vU),
* f3(V§JR2U) = f5(Vi/R,V)
v U,V €T (D).

Proof. Assume that M is a screen pseudo-slant lightlike submanifold of a metallic semi-
Riemannian manifold M and U,V € T'(D).

By use of (27), we get
Ry (A]RZUV) = —JRVyV. (39)
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Interchanging U and V, we have
Rl(A]RZVU) = —JR,VyU.

From (39) and (40), we get

Ry (A]RZUV) - Ry (A]RZVU) = JR,[U,V].
In view of (29), we get

R3(Ajg,uV) + Bf3h*(U,V) = —WR5(VyV),
which implies

R3 (A]RZUV) —R3 (A]RZVU) = WR,[U,V].
Moreover, using (32), we obtain
f3ViJR:V + Cf3h*(U, V) = TR3VyV,
from which, we arrive at

f3 fl]sz — fsWWJR,U = TR5[U, V.
Thus, we obtain the desired results.
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(40)

(41)

Theorem 4.3 Let M be a screen pseudo-slant lightlike submanifold of a metallic semi-

Riemannian manifold M. Then D is integrable if and only if
* Ry (VyWR3V — VyWR;3U) = Ry (ATR3VU - ATR3UV)r
* f2(VgTR3V — VyTR3U) = f,(h°(V,WR3U) — hS(U, WR5V))

v U,V eT(D).

Proof. Assume that M is a screen pseudo-slant lightlike submanifold of a metallic semi-

Riemannian manifold M and U,V € I'D.
If we consider (27), we get
R1(VyWR3V) = Ry (Arg,vU) + JRVyV.
Interchanging U and V, we have
Ri(VyWR3U) = Ry (Arg,uV) + R, VyU.
In view of (42) with (43), we find

R (VyWR3V — VyWR3U) — Rl(ATR3VU - ATR3UV) = JR{[U, V].

Also, using (31), we have
f2VuTR3V + f,h*(U,WR3V) = JR;VyV,
and

(42)

(43)

(44)
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£,VSTR3U + f,h*(V,WR3U) = JR,VyU. (45)
From last two equations, we arrive at

f2(V§TR3V — V§TR3U) + £, (hS(U,WR3V) — h$(V,WR3U)) = JR,(U, V).

So, we obtain the required results.

Now, we discover that some foliations specified by distributions are completely geodesic.

Theorem 4.4 Let M be a screen pseudo-slant lightlike submanifold of a metallic semi-
Riemannian manifold M. Then RadT M defines a totally geodesic foliation if and only if

1_

~(@(D'(Ex, RoZ) + D'(E1, TRs2),JEy)) = — 8(h' (E1, WRs2),JEy), VEy, E; €
['(RadTM) and Z € T(S(TM)).

Proof. We know that RadT M defines a totally geodesic foliation if and only if
Vg, E, € T(RadTM)VE,, E, € T(RadTM).

Because of V is a metric connection, by use of (7), (20) and (24), we have

qg(vElEZ' E)= (@(]VElEZ,]Z) - pg(]vElEZ' Z))

= 8(Ve,JR2Z,JEy) + 3(Vg, WR3Z,JE;) + 8(Vg, TR3Z, ] E;)

- P@(VEJRZZ: E;) — P§(751WR3Z: E;) — pﬁ(vngR3Z, E;)

= §(D'(E1,JR,2),]JEy) + 8(h'(E1, WR3Z),J E;) + §(D'(E1, TR3Z), J E3)
§(D'(E1,JR2Z), E) — §(h'(E1, WR3Z), E;) — 8(D'(Ey, TR3Z), E3)

1
= a (8(D'(E1,JR;Z),JE;) + G(h'(E1, WR3Z),]E;) + §(D'(E1, TR3Z), ] E;)).

Hence proved.

Theorem 4.5 Let M be a screen pseudo-slant lightlike submanifold of a metallic semi-
Riemannian manifold M. Then D defines a totally geodesic foliation if and only if

+§(h°(U,W2), PV) = =2 (V§TZ,PV), Vh*(U,2) € T(D).
« DS(U,JN) has no component in J(D) and D(U,N),VU,V € I'(D), Z € I'(D) and
N € T(itr(TM)).

Proof. Let M be a screen pseudo-slant lightlike submanifold of a metallic semi-
Riemannian manifold M. We know that D defines a totally geodesic foliation if and only
if V,V € T(D),U,V e T'(D).

Using (7) with (20), we have

s(VoV,2) = —p(@UVZ,JV)) +q8(VyZ,JV),

= —p8(Vu/Z,JV) + pa(ViyV) + qa(h*(U, 2),]V),
which gives (i).
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Also, we use (7) and (20), we get

q8(VyV,Z) = §(VyJN,JV) + pa(VyN,JN),

= —g(D*(U,JN),JV) + pa(D*(U,N)JV),
which implies (ii).

Theorem 4.6 Let M be a metallic semi-Riemannian manifold M with a screen pseudo-
slant lightlike submanifold. Then D defines a totally geodesic foliation if and only if

* A;7U has no component in D and V§JZ € T(D).

« A;5U has no component in J(D) and DS(U,/N) € I'(D), VU,V € I'(D) and Z € (D)
and N € T(Itr(TM)).

Proof. Let M be a screen pseudo-slant lightlike submanifold of a metallic semi-
Riemannian manifold M. We know that D defines a totally geodesic foliation if and only
if VyV € (D), U,V € I'(D).

In view of (7) with (20), we have
qs(VV,2) =-@u/ZJV))+pg(VuZJV),
=3(4;zU,WV) +3(VyJZ,TV) + pa(4;zU,JV),
which yields (i).
From (7) and (20), we get
q3(VyV,2) = —8(Vy/N,JV) +pg(VyN,JN),
= —g(4;yU,WV) +3(D*(U,JN)TV) — pg(4;yU, V),
which implies (ii).
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