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Abstract: Making use of generalized Salagean derivative operator, we introduce
a new subclass of multivalent harmonic functions in the open unit disc.
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1. Introduction

A continuous complex valued function f = u + iv defined in simple connected complex
domain D is said to be harmonic in D if both u and v are real harmonic in D. In any
simple connected domain we can write

f=h+g
where h and g are analytic in D. We call h the analytic part and g the co-analytic part of
f. A necessary and sufficient condition for f to be locally univalent and sense preserving
in D is that |h'(z)| > |g'(2)| for all z in D (see Clunie and Shiel-Small[3]).
Let H denotes the class of functions f = h + g which are harmonic univalent and sense
preserving in the unit disc U = {z: |z| < 1} for which f(0) = £,(0) — 1 = 0. then for
f=h+ g € H,we may express the analytic function h and g as

h(z) = z+ Z apyz, g(2) = Z byz*, z€U, b <1 (D
k=2 k=1
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Recently , Ahuja and Jahangiri [1] defined the class H,(k), (p,k € N ={1,23,...... )

consisting of all p-valent harmonic functions f = h + g which are sense preserving in U
and h and g are of the form

R = 2+ ) @12 g = ) b2, @)
k=2 k=1
where zeU,|b,|<1.

Note that H and H,(k) reduce to the class Sand S,(k) of analytic univalent and
multivalent functions, respectively, if the co-analytic part of its members are zero. For
these classes f(z) may be expressed as

f(2) = z+2akzk (3)
k=2

and

f@ = 2P + ¥ gy 24PN (4)

In 1984, Clunie and Sheli-Small [3] investigated the class Sy as well as its geometric sub
classes and obtained some coefficient bounds (see also [4] and [9]). Since then, there
have been several related papers on Sy and its subclasses. In 2012, Eljamal and Darus [5]
introduced a generalized derivative operator for f = h + g given by (1) for fixed positive
natural number m and A, > A; = 0, they proved that for A; = A, = 0 their subclass
reduces to Salagean operator but it is not true. In fact the condition A, = 1; = 0 should
be replaced by 44,4, = 0.Thus we will introduce a generalized derivative operator for
f = h + g given by (2) for fixed positive natural number m and 1;,1, = 0,

K k N3
D;rll’bf(z) = Dﬂ’AZh(Z) + DZ,AZQ(Z)’ z€U, (5
where

K
Dﬂ’AZh(Z) = zP

S 1+ + Ak +p—2)
2
k

m
k+p—1
a 1Z ,
p{1+zz<k+p—2)}> kip-1

2.

We note that the specializing the parameters, especially when 1; = 1,4, =0 , Dﬁ"/{z
reduces to modified Salagean operator introduced by Jahangiri et al. [6], and when
AM=11,=0,andp = 1,Dﬂ:’;2 reduces to Salagean operator which was studied by
Salagean in [11].

2
o0
DnLk _
zl,zzg(z) =
=1

1+ A+ )k +p—2) mb etp-1
p{1+ A, (k +p — 2)} k=l '
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Now we consider the following definition.

Definition 1.1 : For 0<1< 1,8 =0, let Gy(L, B, p,m, k, A1, 1,) denote the subfamily
of starlike harmonic function f € H,, (k) of the form (1.02) such that

m,k ’
ip Z<D11'12f(z)>  puie
Re{(1+ pe )z'(n;“l;’;zf(z)) Be > 1 (6)

'

For a suitable ¢ and zeU where (Dﬁ:’;zf(z))
a .

(E) (z = relg).

We also let Vy (L, B, p,m, k, A1, 43) = Gy (L, B, p,m, k, A1, 2;) N VY where VP is the class

of harmonic function consisting of functions of the form (1.02) in H, (k) for which there

exist a real number ¢ such that

N + (k—1)¢ = n(mod 2m),6, + (k— 1) =0 (k = 2), (7

where 7, = argifia,) and &, = argih,). The same class was introduced in [8] with
different differential operator.

(55) @i, f(re®), 2=

In this paper we obtain a sufficient coefficient condition for the functions f given by (2)
to be in the class Gy (L, B,p, m, k,A1,A,). It is shown that this coefficient condition is
necessary also for functions belonging to the class Vy (L, B,p,m k,A1,4;). Further
extreme points for functions in Vy (1, 8.p, m, k, A1, 1,) are also obtained.

2. Main Result : We begin deriving a sufficient condition for the functions belonging to
the class Gy (1, B, p, m, k, A1, A;). This result is contained in the following.

Theorem 2.1. Let f = h + g given by (2). Furthermore, let

o k+p—1+Gk+p—2)B—1
X -
k=2 p !
k+p—1+(k+p)ﬁ+lb 14+ + 1)Kk +p—=2)\"
* p—1 |k+”_1|)< p{l+ A,(k +p—2)} >

|ak+p—1|

_p+(p+1)ﬂ+l(1+(11+12)(p—1)>’”|b| ®
p+(@+DB-I\ p{1+4>(-1)} v
where 0 <1 < 1,then f € Gy(L, 8, p,m, k, 11, 15).
Proof. Using f = h + g in (6), we get
(o1 h @) - 2(pI ) .
Re!(1+ pe') ( alr ) ( ke ) — pe'? ;= R 9

(Dﬁ'ﬁzh(z)>+<Dﬁ'§2g(z)>

where
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Az) = (1 +ﬁe“”)[ D;"’;zh(z)) —z D;j’;zg(z) ]

~ e (D h@) + (D74 9 | (10)
and
B = |0k h) + (Dprs 9@ ) | (11)

In view of the simple assertion that Re(w) = lifandonly if |1 -1+ w| = |1+ — w],
it is sufficient to show that

|A(z) + 1= DB(2)| - |A(z) — (1 + DB(2)| = 0. (12)
Substituting for A(z) and B(z) the appropriate expressions in (12) we get
|A(z) + (1 - DB(2)| — |A(z2) - (1 + DB(2)| =

'(1+ﬁe“")[ Dk () - (D} 9() ] pe (054 1) + (D% 9) |
+(1 -0 (o4 h2) + (Dm'—g(z))]

(1+8) |2 (014,10)) ~2(o71%,92) | - e[ (o1, 0) + (075,9)|
-+ (o4 p@) + m]

- 1+ + )k +p—-2)\" .
”Z”Z(k“’_l)( p{l-lklz(2k+p—2)} ) G 2777
(1+ﬁei‘0) ockzz 1 (A A)(k 2) m
+ 4+ 4, +p- _
_Z(k+p_1)( p+ A4,(k+p—2)) ) g1 2777

k=1

- 1+(/11+/12)(k+p—2)>m S 1+ + )k +p— 2D\
zP + Apoy_q 2FP1 4 by, zktP1
Zk< P+ hLk+p-2) ) kz P+ hLk+p-2) ) "

N i ( 1+ +A)k+p— 2)>m PR T, i ( 14+ +2,)(k+p— 2)>’" -
L\ pll+LE+p-2)} ) L\ pll+2(k+p-2)} )

- Bei®

+(1-D]z

- 14+ +/12)(k+p—2)>’"
Z”+Z k+p—-1 Qg ZKTPL
, p kiz( 14 )( p{1+lz(k+p—2)} k+p—1
(1+ Be') o

1+ + ) Kk+p—2)\" .
—Z“‘“"“( PO+ 4,k +p—2)] ) Py 207

- 1+(Al+az)(k+p—2))m S 1+ + )k +p—2)\"
zP + E Apoy_q 2771 4 E by, zFtP1
:2< p{l1+ A, (k+p—2)} kpt e p{1+ A, (k +p —2)} kip—t

1+ A+ L)k +p—2)\" 1+ M+ )k +p—2)\"
Z“Z( (A +2)(k +p )) akﬂ,_lzkﬂ’ﬂZ( y +2)(k+p )) bw_ﬂml]
=2 k=1

- pe®

-1+

p{l1+ A;(k +p—2)} p{1+ A, (k +p—2)}
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. - 14+ W+ K +p -2\

1+ (4 +/12)(k+p—2)>"‘ Kip1
_ bk+pflz
p{l1+ 2, (k+p—2)}

. wr [ 1+ A+ ) U +p— 2\ B
[(p—1—1)+ﬂ(p—1)e“’]zp+kzz[(k+p—2—l)+ﬁ(k+p—2)e“’]< ALk +p=2) ) App-1 2771

wr 1+ Qi+ )k +p—2)\" .
—kzzl[(k+p+l)+ﬂ(k+p)e“’]< R TE N e ) ep1 24771

—Z[(k +p-2+D+pk+ p)ei“’](
k=1

0

©

v

[fp+1-1-B-D}+{p-1-1+p0p - DIz’ -

s

{k+p—1+p(k+p—2)}

=
Il

2
+{k+p—-2-1

+B(k+p_2)}]<1+(/11+/12)(k+p—2)

m
a _ |Z|k+p—1_
p{l1+2;(k+p—2)} > @11

Z[{k+p—2+l+ﬁ(k+p)}
k=1

+{k+p+1
4_[))(1“{_'”9)}]<1+(/11 + ) (k+p—2)

m
b B k+p—1
p{1+ A, (k +p — 2)} > [Dicvp | 121777

2= DlzlP = ) 2lk+p—1+fk +p-2)
k=2
1+ + )k +p—2)\" )
_l]< p{1+ A4,k +p—2)} > | spr]| 21K P

m
1+(A1 +/12)(k+p—2) |b ||Z|k+P—1
p{1+ 2, (k +p — 2)} k+p-l

=) 2l +p =1+ Gk +p)
k=1
v

\Y
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p+BE+D+1\[1+ G +2)0p—-D\"
z(p_l)'z'p“_< - >< P+ LG - D) ) 2]

_i k+p—-1+Bk+p—-2)—-1 1+(Al+/12)(k+p—2)m| |
= p—l L+ A, (k+p—2)) ) M+l

k+p—1+Bk+p)+1 1+(,11+,12)(k+p—2)mb }
+< p—1 )( p{1+/12(k+p—2)}> [Prerp-a]

> 0.

By virtue of inequality (8). This impliesthat f € Gy (I, B,p, m, k, A1, 15).

Now we obtain the necessary and sufficient condition for the function f = h + g be
given by (2) with condition (7).

Theorem 2.2. Let f = h + g be given by (1.02).Then f € V4 (L, 8,p,m, k, 1, 1;) if and
only if

k+p—-1+(k+p—-2)p—1
( — |ak+p—1|
k=2 P l
k+p—1+(k+p)/3+lb 1+ + )k +p-2)\"
* p—1 |"+”_1l)< p{l1+ A, (k+p—2)} >
_p+@+Dﬁ+%1+uﬁ%ﬂ@—Dywl
p+@+1DB -1\ p{l+A4(p-1)} P

(13)

where 0 <[ < 1.

Proof. Since Vy(l,B,p,m, k,A1,1,) < Gy(L,B,p,m k,A1,1,), we only need to prove
‘only if* part of the theorem.

To this end, for functions f of the form (1.02) with condition (1.07), we notice that
condition

m,k ' _ m,k ’
Re{ (1+ ﬁe"/’)z (D“'Azh(z)) M)) —(Be + 1)} >0. (14)
k (Dﬁﬁzh(z)) + (Dﬁ:lfizg(z)> }

The above inequality is equivalent to
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Re

{(1 + Be'?)

= 14+ Wy + )k +p—2)\"
p _ k+p-1
pz +kz_2(k+p 1)( p{1+/’{2(k+p_2)} ak+p—lz

_ Z(k +p-— 1) ( 1+ (/11 + /12)(k +p— 2)) bk+p—1 Fk+p-1 ]_ ('Bei(p
k=1

p{l + 2,(k +p—2)}

14+ A+ )k +p—2)\"
2P+ Z < (A 2)( p )) Gy Shp-1
k=2

th P+ Ltk +p=2)

® m
+ z 1+(Al +Az)(k +p_2) bk Z_k+p_1
L\ p{l+ Ak +p-2) v
- m
) ak+p—1 Zk+p—1

S 1+ + ) k+p—2)
zP + <
4 Z < 1+ + )k +p— 2)) Brsps Z—k+p—1] ]
k=1

X

p{l+ 2, (k +p—2)}
p{l+ 2, (k +p—2)}

p+p—De? -1}

+ > {k+p—-1+Bk+p—2)e"
1+ + )k +p—2)\" ~
- P =
< p{l+2;(k +p—2)} ) kot

zP )
o Z{k+p—1+ﬁ(k+p)e”"
=}

1+ + )k +p - 2\" N
+l}< p{1+ 2,k +p—2)} ) bjesp—1 Z* 1]

1+i 1+ + )k +p—2) ’"a it
p(1+ A, (k +p—2)) fpl

-1
7P 1+ + )k +p—2)\" o
+ — bk 1Zk 1
P\ pll+ Ak +p - 2)) P

> 0. (15)

Thus condition must hold for all values of z, such that |z| = < 1. Upon choosing ¢
according to (7) and noting that Re(—Be~¢) = —p|e’| = —B the above inequality
reduces to

X

N
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p{l+4(p— 1D}
p{l+ A, (k +p—2)}

1+ M +2)k+p—2) m|b e
p{1+ 20k +p—2)) k-t [T

S 1+ + )k +p—2)\" -
1- 1+ 4k +p—2) [ esp-a|7
&\ p{l+ Ak +p—2))

O (1+ Ga+ ) (k+p—2)\" o
+;< p{1+ A (k+p—2)} ) |bisp-1|7 1]

> 0. (16)

If (13) does not hold, then the numerator in (16) is negative for r sufficiently close to 1.
Therefore, there exist a point z, = r, in (0,1) for which the quotient in (10) is negative.
This contradicts our assumptions that f € Vy (I, B,p, m, k, A1, A;). We thus conclude that
it is both necessary and sufficient that the coefficient bounds inequality (13) holds true
when f € Vy(, 8, p, m, k, A1, 1,). This completes the proof of Theorem 2.2.

{P+ﬁ(p—1)—l}_{p+ﬁ(p+1)+l}<1+(/11+/12)(p—1)> b,

0

—(Z{k+p—1+ﬁ(k+p—z>—l}<
k=2

m
) lagspal

+{k+p—1+ﬁ(k+p)+l}<

X

-1

Theorem 2.3 : The close convex hull of f € V4 (L, 8,p, m, k, 11, 1,) (denote by clco
V(LB p,m kA, Ap)) s

© [ee}
{f(z) =zl + z|ak+p—1|2k+p_1 + Z|bk+p_llz—k+p—1
k=2 =1

: Z(k+p— Dllak| + b ] = 1_bp}'

k=2

17)

For A, = Pt

m
{k+p—1+p (k+p—2)—l}( _1+(/11+ﬂz)(k+p—z))

p{1+22 G +p—2)}
_ p—l
k = 1+(A1 +12)(k+p—2)\™’
(ep =148 (k+p)+)( T 2D
clcoVy (L, B,p,m, k, A1, A,) are

{2 + Nxz" 4P + by 2P YU {2P + by 2P + pyyz" 1) (18)

and and bp fixed, the extreme points for

wherek > 2and |x| =1 — |bp|.

Proof. Any function f in clco Vy (I, B,p, m, k, A1, A;) may be expressed as
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© 0
f@) =2+ Z|0‘k+10—1|einkzk+p_1 + b,zP + Zlbk+p—1|€i5kzk+p_1,

k=2 =2
(19)
where the coefficient satisfy the inequality (8) . Set
hi(z) = 2P, g1(2) = b,zP, hy(2) = zP + N ek zK*P~1 g, (2) = b,zP +
peekzkP=1 for k = 2,3,... writing
Xk =M, Vi =M, k=2,3,... and
Ak Kk
x1=1—-Yk2Xktp-1, Y1 =1—Xg=2Vr+p-1 We get
F&) =) (urp i@
k=1
+ Ykp-19k (2)}- (20)

In particular, setting  f1(z) = z? + b, z?,
fe(@) = 2P + 4xz" P71 + b, 2P + pyz¥ =1, (k=2 |x|+ |yl =1—1|by|). (21)
We see that extreme points of Vy (L, 8, p,m, k,11,1,) € {fi,(2)}.

To see that f; (2) is not in extreme points , note that f; (z) may be written as

fi@ = 3{Ai@ + 1 (1 = b, )27} + 5 {f1(2) — 22(1 — |b,])21*7}, (22)
a convex linear combination of function in clco Vy (I, B,p, m, k, A1, 1,).

To see that f; is not an extreme point if both |x| = 0 and |y| # 0 we will show that it
can also be expressed as a convex linear combination of function in clco
Vy(l, B,p,m, k, A1, A5). Without loss of generality, assume |x| = |y| choose € > 0 small

enough so that e > :;—:

Set A=1+4+ecandB=1- |ef—/| We then show that both

t1(z) = zP + A, Axz"P~1 + b,zP + p yBzk+r-1 (23)

ty(2) = zP + A, (2 — A)xzk+P~1 4+ b,zP + e y(2 — B)zktp~1
are in clco Vy (I, B,p, m, k, A1, A;) and that
1
fi(2) = 5{t1(2) + t2(2)}. (24)

The extremal coefficient bounds show that functions of the form (2.14) are the extreme
points for clco V4 (I, B, p, m, k, A1, A;) and so the proof is complete.



264 K.K. Dixit, Ankit Dixit and Saurabh Porwal

Following Avci and Zlotkiewicz [2], we refer to the §-neghiborhood of the functions
f(z) defined by (1.01) to be set of functions F for which

Ns(f)={F(z2)=z+ ZAkzk +ZBkzk,
L k=2 k=1
kllay — Ag| + |b — By| + |by —B1]] <6}
k=2

Following Eljamal and M. Darus [5] and ([2], [8]), we refer to the §-neghiborhood of the
functions f(z) defined by (1.01) to be set of functions F for which

o 1+ (A + )k —D\™
N5(f)={F(z):Z< +1(+1;’2(;)_(1) )> [(2k — 1= D|ay — Al + 2k + 1
k=2

+ Dlbg = Bi| + (1 = Dby = B[] = (1 = DS}

(25)
In our case, let us define the generalized §-neghibourhood of f to be the set

Ns(f) ={F(2) = z" + Z Apppr12"P71 4 Z Biip 12EPT,
k=2 k=1

p{l1+ A,(k+p—2)} > [(k+p—1+p{k+p—2}

— D|aksp-1 = Agsp-1| + (k +p — 1+ B{k + p}
+ l)lbk+p—1 - Bk+p—1| + (p - l)|bp - Bpl] < (p - Z)S}-

i<1+(/11+/12)(k+p—2)
k=2

(26)
Theorem 2.4 : Let f be given by (2). If f satisfies conditions

1+ + ) k+p— 2))’"
p{l1+ Ak +p—2)}

0

Z(k+p—1)(k+p—1+ﬁ{k +p—2}—l)|ak+p_1|<

k=2 w»
+ Z(k +p
k=1

—1)(k+P—1+ﬁ{k+p}+l)|bk|(

1+ + )k +p—2)
p{1+A2(k +p —2)}

) <w-0
@7)

__ p-l _ pH@HDB+H 1+ +22) p—D\™
where 0.< 1< 1 and§ = — Lol [1 - PR (HECIDG) T, || (28)

Then N(f) c Gy (L, B, p,m, k, A1, 13).
Proof. Let f satisfies (2.21) and F(z) is given by
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F(z) = zP + b,zP + z [A4p-12"TP~1 + Byypy 2P 1] (29)
k=2
which belong to N(f). We obtain

[+ @+ DB +0[B,| + ) [Ge+p—1+ Bl +p—2) = DAy
F(k+p—1+Blk+p)

1+ + )k +p—2)\"
”)'B’”p‘l']< 1+ 2,k +p—2) )
[p+ @+ DB +1U|B, —b,| +[p+ @+ 1B +1|b,|

C(1+ Oy + A)(k+p—2)\"
+Z< p{1+/12(k+p—2)} > [(k+p—1+[)’{k+p_2}

~ DAyt — G| + (e +p — 1 + Bik + 1}
+ l?JBk+p—1 — byip-1]

1+ + ) k+p-2)\"
+Z< p{(liaz(ic)ip—pzn)> [tetp=Ttptirp=2)

— D|aksp-1|+ k+p— 1+ B{k + p} + D|brsp-1]

<

(p—D5+[p+@+1DB+1|b,| )
1 1+ A+ )k +p—2)\" B
+p+(p+1)ﬁ_l;;< p{l1+ Ak +p—2)} > [((k+p—1

+ Bk +p =2} = D]aysp-1| + (k +p = 1+ Bk + p} + D] byl

<

p-D5+[p+ @+ DB +1|b,| +

1+(A1+2)(p-1)\™
l)( P{lilzgp—l)}) byl < p =1

1

o@D -+ @+DE+

p-l [1- p+@+1)+ ( 1+(/11+/12)(P—1))m I, 1
p+(p+1)B-1 p—l p{1+2;(p—1)} p

we infer that F(z) € Gy (L, B, p, m, k, A1, 4;) which concludes the proof of Theorem 2.4.

Hence for 6 =

Acknowledgement : The authors are thankful to the referee for the valuable comments
and suggestions.
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